Gravity, p-branes and a spacetime counterpart of the Higgs effect 
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We point out that the worldvolume coordinate functions i /J (^) of ap-brane, treated as an indepen- 
dent object interacting with dynamical gravity, are Goldstone fields for spacetime diffeomorphisms 
gauge symmetry. The presence of this gauge invariance is exhibited by its associated Noether iden- 
tity, which expresses that the source equations follow from the gravitational equations. We discuss 
the spacetime counterpart of the Higgs effect and show that a p-brane does not carry any local 
degrees of freedom, extending early known general relativity features. Our considerations are also 
relevant for brane world scenarios. 
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1. Introduction. In the standard Higgs effect the de- 
grees of freedom of the Goldstone bosons associated with 
the spontaneously broken internal gauge symmetry gen- 
erators are incorporated by the gauge fields, which ac- 
quire mass as a result. Goldstone fields for local space- 
time symmetries have been studied in [1] (fermionic), [2] 
(both bosonic and fermionic), and in [3]. 

The problem we address here, the Goldstone nature 
of the p-brane coordinate functions, and the spacetime 
counterpart of the Higgs effect in the presence of dy- 
namical gravity, goes beyond previously considered cases. 
In it, the Goldstone fields are not spacetime (M D ) 
fields, but worldvolume (W p+1 C M D ) fields; the gauge 
group, spacetime diffeomorphisms, is not internal, and 
the breaking of this invariance is the result of the location 
of the p-brane in spacetime i.e., of its mere existence. We 
shall argue, using the weak field approximation, that the 
removal of the p-brane Goldstone fields does not modify 
the number of polarizations of the graviton. This indi- 
cates that a p-brane, when coupled to dynamical gravity, 
does not carry any local degrees of freedom (although it 
provides the source in the Einstein equations). 

We stress that our conclussions refer to a p-brane ob- 
ject described by an independent action S p d which is 
added to the Einstein-Hilbert action Seh d for dynami- 
cal gravity (see Eq. (11)), not to solitonic p-brane solu- 
tions of the Einstein field equations. 

2. p-brane equations from the Einstein field equations 
and diffeomorphism invariance. Interestingly enough, 
the Goldstone nature of the particle coordinate functions 
in gravity goes back to the classical papers [4] (see also 
[5]). It is well known that the Bianchi identity Q p . p = 
for the Einstein tensor density Q^ v in the gravitational 
field equations 



(1) 



implies the covariant conservation of the energy- 
momentum tensor density T^ v , 



= d^g pu ) - \T^d v g pil = . 
For a particle T„ v has support on the worldline W , 



(2) 



T^= - J dTl(T)x"(T)x (t)5 a (x - £ (r)) , (3) 

and then Eq. (2) is equivalent [4] to the particle 
(geodesic) equations (i M = i M (r)), 

d T {l{T)g^u{x)x)- l ^x x {d^g vp ){x) = (4) 

or d 2 x p /ds 2 + T£ p dx v /dsdx p /ds = for ds = dr/Z(r). 

This result exhibits a dependence among Eqs. (4) and 
(1) which, by the second Noether theorem, implies the ex- 
istence of a gauge symmetry. This is the diffeomorphism 
invariance (the freedom of choosing a local coordinate 
system) or passive form of general coordinate invariance. 
For the gravity sector Sdi //is defined by 

(5) 
(6) 



5x p = - x» = b p (x) , 
S'g»u{x) = g'^ix) - g pv (x) = + b v . fV ) = 

= -{d ti b p g up + d v b p g pp + b p d p g^) , 

and for the particle sector by 

Sx p (t) = x»'(t) - x»(t) = b p {x{T)) . 

Eqs. (5)-(7) indeed preserve the coupled action 



S =S 



EH 



s 



Om 



Seh — — 



l - J d 4 x ^\g\n 



(7) 



(8) 



So, 



- I dr{l{r) 9liV {x)^{r)x (r) + r 1 (r)m 2 ) , (9) 



fidiffS — 0. Indeed, the general variation SS (omitting 
for brevity the Sx^ and SI(t) terms; the latter produces 



the algebraic equation l(r) = m{g ^(x)^ x ) 1 ^ 2 ) is 
6S = -k I d*x y /\jj\(W»' - \g^n)5'g^(x) + (10) 
+ | / d 4 x J drl(r)x "(T^V^a; - x(r))5'g MV {x) - 
- J dT[d T (l(T)g^ u {x)x ) - l -tp-x"x P (d tl g l/ p)(x)} Sx p (t) . 
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For SdiffS the first term vanishes since G^v; P = (see the 
first form of (6)), and the second and third terms cancel 
(using the second form of Eq. (6)). This cancellation just 
reflects the equivalence of Eq. (4) with the consequence 
(2) of the Einstein equation (1), i.e. the Noether identity 
for diffeomorphism symmetry [6]. 

Similarly, the action for D-dimensional gravity inter- 
acting with a string or p-brane (x M = i M (£)) 

S = Sehd + S pD = ±fd D Xy/\g~\K + (11) 
+ dP +1 CVW\h mn (Od m ^d n x"g^(x) + (p - 1)] 

is invariant under diffcomorphisms i.e., (5), (6) plus 

^'(0 = ^(0 + ^(0, ^"(0 = ^(5(0). (12) 

where £ m = (r, (?) = (r, cr 1 , . . . , <r p ) are the local co- 
ordinates of the p-brane worldvolume W(p+ 1 ) c M D , 
d m = d/dt; m . The auxiliary worldvolume metric 7 mn (£) 
is identified with the induced metric, 

7mn(0 = d m x> l d n x v g llv (x) , (13) 

by the SS/Sj" 1 " 11 — equation. In the language of the 
second Noether theorem, the diffeomorphism gauge in- 
variance is reflected by the Noether identity [7-9] stating 
that the p-brane equations SS/ 5x^(£) = 0, 

-lVhh mn drnX»d n XP(d^ p )(x)=Q (14) 

(cf. Eq. (4)), also follow from the field equations 
8S/6g pu (x) = 0, Eq. (1) with = SS P D /8g^(x), 

T>1V = x / dP +1 ^ 1 mn d m x^d n x u 8 D {x - (15) 

(see [7,8] for the string and [9] for £)-dimensional p-brane 
sources in M D ). 

3. Diffeomorphism gauge symmetry and Goldstone na- 
ture of the p-brane coordinate junctions. The fact that 
diffeomorphism invariance [Eqs. (5), (6) and (7) or (12)] 
is the the gauge symmetry of the dynamical system (8) or 
(11) allows one to conclude that the coordinate functions 
x(£) have a pure gauge nature. This is not surprising if 
we recall the situation for flat spacetime where they are 
known to be Goldstone fields [10-12] for spontaneously 
broken global translational symmetry. More precisely, the 
Goldstone fields correspond to the (D — p—1) orthogonal 
directions, x 1 (£), while the i m (£) corresponding to tan- 
gential directions can be identified with the worldvolume 
coordinates, x m = £ m , 

x^(r,a) = (r,x I (0) , I=(p+1),...(£>-1), (16) 

using £-reparametrizations i.e., worldvolume diffcomor- 
phisms. These are the gauge symmetry of the p-brane 
action S p d, Eq. (11), and are given by 

c5f™ = /3 m (£) , f'(^) = ^(0 (17) 

5'x^{0 = x^{0-^{0 = -P m {0dm^{0- (18) 



Then, when the p-brane is in the curved spacetime de- 
termined by dynamical gravity, the rigid translation sym- 
metry of the p-brane action in flat spacetime is replaced 
by the gauge diffeomorphism symmetry (5), (6), (12) of 
the coupled action (11) or (8), and the worldvolume fields 
x^{^) become Goldstone fields for this gauge symmetry 
Goldstone fields for a gauge symmetry always have a 
pure gauge nature, and their presence indicates spon- 
taneous breaking of the gauge symmetry. Thus, a space- 
time counterpart of the Higgs effect must occur in the 
interacting system of dynamical gravity and a p-brane 
described by the action (8) (p=0) or (11). 

In the standard Higgs effect one often uses the 'uni- 
tary' gauge that sets the Goldstone fields equal to zero. 
Its counterpart in our gravity-brane interacting system, 

n)=r = (r,a 1 o*), * J (o = o, (19) 

can be called static gauge (although in the case of a brane 
in flat spacetime this name is also used for Eq. (16), we 
find it more proper for (19)). Given a brane configura- 
tion, a gauge (i.e., a reference system x 11 ' = x^ '(x)) can 
be fixed in a tubular neighborhood of a point of W p+1 in 
such a way that (12) gives x 1 '^) = 0. In other words, the 
freedom of choosing any local coordinate system (i.e. the 
general relativity principle) allows one to put the particle 
or (a region of) the p-brane worldvolume in any conve- 
nient 'position' with respect to the spacetime local coor- 
dinate system. The static gauge (19) breaks spacetime 
diffeomorphism invariance on the worldvolume (6^ (£(£))) 
down to the worldvolume diffeomorphisms (17), 

b»(x(0)=f3 m (H)S m . (20) 

This actually reflects the spontaneous breaking of the dif- 
feomorphism invariance due to the presence of the brane. 

Let us stress that, although the brane action in a 
gravity background is also diffeomorphism invariant (i.e. 
it can be written in any coordinate system), when no 
gravity action is assumed, the spacetime diffeomorphisms 
cannot be treated as a gauge symmetry of the brane ac- 
tion since they transform the metric g pv {x) non trivially, 
and now g pu {x) is a background and not a dynamical 
variable. Hence, in that case, diffeomorphism invariance 
cannot be used to fix the static gauge (19). 

In the static gauge d m x^(£_) = S m , 7 m „(£) = g mn (€, 0), 
7 m ™(£) = 5 [P+ I l m "(^,0), and the brane equations (14) 
become conditions for the gravitational field on W p+1 , 

d m (\g lp+1] \ 1/2 g lp+1]mn g n ^,d))- 
_ 1/2 | 5 b+i]|i/2 5 b+i]mn (aAiffmn)(?7 o) = . (21) 

The fx — m components of the Eq. (21) are satisfied 
identically (this is the Noether identity for the world- 
volume reparametrization gauge symmetry (17)), while 
those for \x — I can be recognized as the gauge fixing 
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conditions often used to select the physical polarizations 
of the gravitational field, but on the worldvolume. 

4- Spacetime counterpart of the Higgs effect in dynami- 
cal gravity interacting with ap-brane. The vielbein e^(cc) 
or gfj,v{x) = e"(x)e va (x) are the spacetime gauge fields. 
Since the Goldstone fields for the spacetime gauge 

symmetry (diffeomorphisms) are defined on the world- 
volume W p+1 C M D , we should expect a modification 
of the gauge field equations (as in the usual Higgs ef- 
fect), but here produced by (singular) terms with support 
on W p+1 . These are just the source terms that account 
for the p-brane-gravity interaction i.e., T pv [Eqs. (3) or 
(15)] in the Einstein equation (1). Clearly, T^ v cannot 
be gauged away by a diffeomorphism (as the mass term 
in the standard Higgs phenomenon). The role of the vac- 
uum expectation value of the Higgs field is here played 
by the brane tension T p (T\ = l/2na' for the string). 

In particular, the source (15) is non vanishing in the 
static gauge (19), although in the cases where this gauge 
can be fixed globally (as, e.g., in searching for an almost 
flat infinite p-brane solution of gravity equations) it sim- 
plifies the energy-momentum tensor (15) down to 

TV = IE y^Ip+l] | g b>+nmn^ W vj(D-p-l) _ (22) 

5. Graviton polarizations, brane degrees of freedom 
and the meaning of spacetime points in general relativ- 
ity. A question remains: do the Goldstone degrees of 
freedom reappear as additional polarizations of the gauge 
field g^ u {x) on W p+1 so that on the brane the graviton 
behaves like a massive field? Can the singular energy- 
momentum tensor be then treated as a kind of mass term 
for the graviton? This is a subtle question, as the Ein- 
stein equation is essentially nonlinear. However, as far 
as the perturbative degrees of freedom are concerned, the 
answers to the above questions are negative. 

To see this we use the weak field approximation where 
9nv{x) — f]fiv + Kh^(x) and kT p in the source is as- 
sumed to be small for consistency. The extraction of the 
Einstein coupling constant k makes h flv (x) dimcnsion- 
ful, but allows us to present, formally, the weak field 
limit as the first order of an expansion in k. With 
Xiiv ■= - \^ v ri pa h pa we find 

g^(h) = kQ^ v {K) + 0{k 2 ) , (23) 
g^ v {h) = \ (a x ^ + 2d^d P x u)p - r,^d p d a x ap ) ■ (24) 

Similarly, e.g. in the static gauge when it can be fixed 
globally and (15) gives (22), we find 

KT^(h) = kT(°^ v + n 2 T^^(h) + C(k 3 ) , (25) 
T^ pv = l/AT p n mn 8 m p 5 n lJ 5 ( - D -P-V{x I ) , (26) 
T^{h) = \T p {h mn - ^h^S^Six 1 ) . (27) 

At first order in k, Eq. (1) reduces to the linear inho- 
mogeneous equation g^^ v {h) = , where 

is /i-independent. Hence, the graviton degrees of free- 
dom are determined by the solutions of g(°^ l '(h) — 



0. Thus, the standard arguments that determine the 
D(D — 3)/2 physical polarizations of the graviton field 
(see e.g. [13,14] for D = 4) will also apply here pro- 
vided there is full (linearized) diffeomorphism symme- 
try. This is an evident symmetry of the linearized Ein- 
stein tensor; however, in our case, there is a potential 
problem. The use of the gauge diffeomorphism symme- 
try to remove the Goldstone degrees of freedom on the 
p-brane worldvolume, e.g. the static gauge (19), par- 
tially breaks spacetime diffeomorphisms on the world- 
volume down to reparametrization symmetry, Eq. (20). 
Hence 6 J (£,0) = and one cannot use this parame- 
ter to obtain additional conditions on h^ v . Neverthe- 
less, an analysis similar to the one presented in [9] for 
p= shows that the n = I components of the p-brane 
equation in the static gauge (Eq. (21); for a weak field, 
d m (v mn h nI (t,d)) - \8 { {vi mn h nm )^,Q) = 0) replace the 
lost gauge fixing conditions so that, on the worldvolume, 
we still obtain the D(D — 3)/2 polarizations of the mass- 
less graviton. 

Thus in the static gauge, the removed brane degrees 
of freedom (x 1 (£) = 0) do not reappear as additional 
polarizations of the graviton on the worldvolume. This 
indicates that, in the interacting system of dynamical su- 
pergravity and a p-brane, the p-brane does not carry any 
local degrees of freedom. 

This property of the spacetime counterpart of the 
Higgs effect is related to an old conceptual discussion, 
the lack of physical meaning of spacetime points in gen- 
eral relativity [15] (see also [16]). The passive form of 
the general coordinate invariance (diffeomorphism sym- 
metry) is quite natural and provides a realization of the 
general relativity principle. However, the fact that the 
Einstein-Hilbert action and the Einstein equations are 
invariant as well under the active form of the general co- 
ordinate transformations (i.e. under a change of 'phys- 
ical' spacetime points, see [6]), "takes away from space 
and time the last remnant of physical objectivity" [15,16]. 

In our case, this corresponds to the absence of local 
degrees of freedom for a p-brane when the p-brane in- 
teracts with dynamical gravity. Indeed, the local brane 
degrees of freedom could have a meaning by specifying 
its position in spacetime M D , i.e. by locating W p+1 in 
M D . However, in a general coordinate invariant theory 
the spacetime point concept becomes 'unphysical': it is 
not invariant and thus cannot be treated as an observ- 
able in so far as observables are identified with gauge 
invariant entities. The only physical information is the 
existence of the brane worldvolume (as reflected by the 
source term in the Einstein field equation), not where 
W p+1 is in M D , and, if there are several branes, also the 
possible intersections of their worldvolumes (for a parti- 
cle see [15] and [16]). This implies, and it is implied by, 
the pure gauge nature of the (local) degrees of freedom 
of a brane interacting with dynamical gravity. 

This conclusion also holds for a system of several 
branes interacting with dynamical gravity. In contrast, 
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global properties, like whether the p-brane is open or 
closed, or whether two branes intersect or not, do contain 
physical information. For topologically trivial branes the 
diffcomorphism gauge symmetry allows one to fix glob- 
ally the static gauge, i.e. to choose the local coordinate 
system in which all the branes are parameterized as infi- 
nite planes, possibly intersecting ones. Let us stress that 
the questions about distances between non-intersecting 
(e.g. parallel) brane worldvolumes or about the angles 
between intersecting branes have to be addressed after 
the specific spacetime metric has been determined by 
solving the Einstein equations with the sources produced 
by these branes, as it enters into the definition of the 
invariant interval, ds 2 = dx^dx v g fll/ (x). 

6. p-brane object vs. p-brane solitonic solutions. Our 
statement about the absence of the brane degrees of free- 
dom refers to a p-brane object, as described by its action 
added to the Einstein-Hilbert gravity action. This sit- 
uation is not to be confused with the moduli space of 
solitonic solutions of (super) gravity equations, as con- 
sidered, e.g., in [17]. Such a moduli space is spanned 
by deformations h^^" 1 , x 1 ) of a particular metric solu- 
tion g^u ((, m , x 1 ) of the Einstein equation (1) with the 
source (22), such that g^J and the deformed metric 

g^(r,x T ) = <?$(rV 7 ) + MCa: 1 ) are solutions 
of the same equation. Thus, this moduli space is asso- 
ciated with the gravity degrees of freedom rather than 
with those of the p-brane object 1 . 

When discussing these solitonic solutions, in particular 
their zero modes 2 (i.e., metric deformations that are inde- 
pendent of x 1 , /J M1 ,(£) = ^,,(£,0) ), topological consider- 
ations are important. In contrast, in our situation neither 
boundary conditions on W p+1 nor asymptotic properties 
are assumed, and the metric is a dynamical field variable 
and not a specific solution. Our statement is about the 
absence of local degrees of freedom of the brane object 
and, as such, it refers to 'small' diffeomorphisms 3 . 

7. Outlook. First, we note that there is some sim- 
ilarity between our results and the idea of holography. 
Their common basic statement is that a theory invari- 
ant under diffeomorphisms (and thus general coordinate 
transformations) cannot have observables (gauge invari- 
ant variables) in the bulk. The usual holography ap- 
proach [19] concludes from this that the physical observ- 
ables may be defined on a boundary of spacetime (e.g., 



on the conformal boundary of the AdS space which is the 
Minkowski space). Our statement about the pure gauge 
nature of the brane degrees of freedom in the dynamical 
gravity-brane interacting system is different, but similar 
in spirit: the variables describing the spacetime location 
of the brane are unphysical; the only physical information 
is the existence of one or several branes and the possible 
intersections of their worldvolumes. 

Secondly, we mention that our conclusions also apply 
to a brane carrying worldvolumc fields (like D-branes in 
String/M-theory). In that case, by fixing the static gauge 
(19), one arrives at a model similar to the ones consid- 
ered in brane world scenarios [20,21] (an additional Ein- 
stein term in the brane action, / d p+1 ^\ 1 / 2 TZ^' + ^ (7), 
could be looked at as induced by quantum corrections 
[21]). This observation indicates that in such scenarios 
the brane universe is not forced to be a 'frozen' fixed hy- 
persurface in a higher-dimensional spacetime, but could 
be rather considered as a brane described by a diffeomor- 
phism invariant action interacting with dynamical grav- 
ity. 

The fact that the D-dimensional graviton does not ac- 
quire any additional perturbative degrees of freedom on 
the p-brane worldvolume is also natural for a brane world 
scenario. Indeed, if it were not massless on, say, a four- 
dimensional worldvolume, this would produce a difficulty 
in treating the three-brane as a model for a universe with 
physically acceptable (<~ 1/r 2 ) long range gravitational 
forces. 
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